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We study embedding problems for modules and rings. The first of these 
problems is the well-known problem of estension of scalars. Any ring can be 
embedded in a ring A such that for any ring A’ containing A and any A-module 
M the canonical homomorphism: M + A’ BA M is one-one. The second one 
concerns the embedding of couples (a, n/i) where M is an a-module into 
couples of the form (B, B) where I3 is a ring. We relate this problem to the 
existence of a model-companion for theories of modules over theories of rings 
and give some applications. 
1. INTRODUCTION 
In this paper we study some embedding problems for modules and rings. 
In Section 2 we introduce, in connection with the problem of extension 
of scalars, two natural classes of rings. The Prtifer rings turn out to be the 
integral domains of type (II), a characterization similar to other well-known 
ones. We show that any ring can be embedded in a ring of type (I), namely 
in a ring A such that for any ring A’ containing A and any A-module M 
the canonical A-homomorphism: M + A’ @ad M is one-one. 
In Section 3, which is independent of Section 2, we consider the class of 
all modules over a class & of rings and are concerned with the following 
problem: Is it possible to embed a couple (A, M) where A is an element of JZ? 
and M is an A-module into a couple (B, B,) where B is an element of & and 
BL is the ring B considered as a left module over itself? This problem arises 
when one tries to prove the existence of a model-companion for theories of 
modules over theories of rings. We will only treat a few examples, some of 
them will be exploited in Section 4. We are, in particular, able to show that this 
embedding problem admits a positive answer when one takes for LZZ the class 
of all commutative absolutely flat rings or of all Boolean rings. 
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In Section 4, we prove that the theory of Boolean rings has a model- 
completion. An application of Section 3 allows us to conclude that the theory 
of (all) modules over all Boolean rings and the theory of vector spaces over 
(all) commutative fields each have a model-companion. 
Throughout this paper “ring” means associative ring with identity and 
“module” means unitary left-module. We will follow in general the termino- 
logy of N. Bourbaki and will suppose the theory of extension of scalars as 
presented in Ref. [3] is known. 
2. Two CLASSES OF RINGS 
DEFINITION 2.1. An A-module M is said to have the property (P) if for 
any ring A’ containing =2 the canonical A-homomorphism: M -+ A’ BA M 
is one-one. 
It is immediate that a flat module has the property (P). We will try to 
clarify the converse and introduce the following: 
DEFINITIONS 2.2. (i) A ring A . 1s said to be of type (I) if any A-module 
has the property (P). 
(ii) A ring A is said to be of type (II) if any A-module having the 
property (P) is flat. 
PROPOSITION 2.3. If an A-module M has the property (P), therl any sub- 
module N of M also has the property (P). 
Proof. By [3, p. 1181, the following diagram is commutative: 
A’@,NA A’ @a M 
Since by hypothesis vM and u are one-one, it follows that pN is one-one and N 
has the property (P). 
The following corollaries are then obvious. 
COROLLARY 2.4. Bny ring A which satisfies ow of the two following 
equivalent conditiolw. is of type (I). 
(1) Any A-module can be embedded in a flat A-module. 
(2) Any injective A-module is flat. 
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COROLLARY 2.5. i=f a ring A is of type (II), then any submodule of a JEat 
A-module is flat. 
Using Corollary 2.5 and a result of Chase, it is easy to characterize the 
integral domains of type (II). 
PROPOSITION 2.6. An integral domain is of type (II) ;f and only if it is 
a Prtifer ring. 
Proof. Let A denote a Priifer ring and F the field of fractions of A. For 
any A-module M the canonical homomorphism: M -+F @A M is one-one 
if and only if M is torsion-free (cf. [3, p. 1751). Therefore any 8-module 
having the property (P) is torsion-free and hence flat since A is a Ptifer ring. 
We have shown that a Priifer ring is of type (II). 
For showing the converse, it is enough by Corollary 2.5 to prove that, if A 
is an integral domain such that any submodule of a flat A-module is flat, then 
A is a Priifer ring. But this is part of Theorem 4.2 of [7]. 
We now turn our attention to rings of type (I). Absolutely jut rings (also 
called regular in the sense of von Neumann, cf[6, Exercise 17, p. 641) are 
obvious examples of rings of type (I). By Corollary 2.4 and [ 111 quasi-Frobenius 
rings also constitute examples of rings of type (I). We will now give an example 
of another kind of rings of this type which will allow us to prove the result 
mentioned in the Introduction. 
We first recall the following 
DEFINITIONS 2.7 [IO]. (i) Let A be a subring of a ring A’. A is said 
to be existentially closed in A’ if any finite system of equations and inequations 
with constants in A which has a solution in A’ also has a solution in A. 
(ii) A ring A is said to be existentially closed if it is existentially closed 
in every ring which contains it. 
DEFINITION 2.7. bis [21]. Let M be a submodule of a right module M’. 
M is said to be pure in M’ if the two following equivalent definitions are 
satisfied: 
(a) For every (left) module P the sequence 0 + M @ P -+ M’ @ P 
is exact. 
(b) Any finite system of linear equations with constants in M which has 
a solution in &I’ also has a solution in ll2. 
An immediate consequence of the preceding definitions is that if A is 
a subring of a ring A’ which is existentially closed in A’, then A is pure as left 
A-module and as right A-module in A’ (considered as left A-module or right 
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A-module). In particular, an existentially closed ring A is pure as left 
A-module and as right A-module in every ring which contains it. 
PROPOSITION 2.8. Let B be a subring of a ring A’. A is pure in A’ as right 
A-module if and only ;f for every (left) A-module lW the canonical homo- 
m0Tphi.w: M +- A’ @A M is one-one. 
The proof follows from Definition 2.7. bis. 
COROLLARy 2.9. A ring A is of type (I) ;f and only if it is pure as right 
A-module in every ring mhich contains it. In particular, an existentially closed 
ring is of type(I). 
COROLLARy 2.10. Any ring can be embedded in a ring of type (I). 
F’roof. By [lo, Theorem 7.121, any ring can be embedded in an existen- 
tially closed ring. 
COROLLARP 2.11. Let A be a subring of a ring A’ of type (I). VA is existen- 
tially closed in A’, A is of type (I). 
Proof. Let 3 be a ring containing A. By [lo, Proposition 7.61, there exist 
one-one homomorphisms 9) and # of A’ and B into a ring C such that the 
following diagram is commutative: 
A C A’ 
Let ill be an A-module. By Proposition 2.8 there exists a one-one A-homo- 
morphism 01 of M into an A’-module M’. Since A’ is of type (I) there exists 
a one-one homomorphism of Z-modules /3 of M’ into a C-module M” such 
that: Va’ E A’ Vm’ ~M’/?(a’m’j = p(a’) ,8(m’). Let us denote by N the 
restriction to B (using $) of the C-module AR”. It is immediate that @ is 
a one-one A-homomorphism of M into the B-module iV, which finishes 
the proof. 
COROLLARY 2.12. An elementary substructure of a ring of type (I) is a ring 
of trpe (1). 
Proof. This is an immediate consequence of the definition of elementary 
substructure (see, e.g., [IS]) and of the previous corollary. 
Remark. If one wants to confine one’s attention to commutative rings and, 
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since it is easy to see that an existentially closed ring is never commutative, 
it is reasonable to adopt the following 
DEFINITION 2.13. A commutative ring is said to be existentially closed if 
any finite system of equations and inequations with constants in A which has 
a solution in some commutative ring containing A also has a solution in A. 
It is then easy to prove as above that any commutative ring can be embedded 
in a commutative ring A such that for any a-module M and any commutative 
ring A’ containing A the canonical A-homomorphism M + A’ gA ill 
is one-one. 
Commutative rings somewhat similar to the commutative existentially 
closed rings have been studied in Ref. [2], where it is proved in particular 
that any commutative ring can be embedded in a commutative ring A which 
has the following property: 
(C) Any manic polynomial of A[X] can be written in A[Xj as a product 
of polynomials of degree 1. 
It is plain from the above result that any commutative existentially closed ring 
has the property (C). 
3. AN EMBEDDING PROBLEM 
Let & be a class of rings and let &’ be the class of all couples (A, M) 
where A is an element of & and where n/I is an A-module. By a morphism 
of a couple (A, M) into a couple (A’, M’) we mean a couple (ar, p) such that 
a: is a homomorphism of rings of A into A’; 
p is a homomorphism of Z-modules of M into M’ and Qa E A Qm E M 
4am) = 44 &+ 
Such a couple (01, p) will be called an embedding (of (A, M) into (A’, M’)) 
if ~1 and p are both one-one. The reader may translate in this terminology 
the problem discussed in the previous section. 
Among the elements of &?’ are all the couples (A, A,), also denoted by 
(A, A), where A is an element of & and A, is the ring A considered as a left 
A-module. We will be concerned with the following problem, which will be 
called for convenience the embedding problem: 
Is it possible to embed any element (A, M) of M in an element of the form 
(B, B) of &! ? We will only treat a few examples, some of which will be 
exploited in Section 4. In all of them J/ is an elementary class (in the wider 
sense) of rings. 
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PROPOSITION 3.1. The embedding problem has a positive answer if ~2 is 
the class of (aZZ) commutative rings. 
Proof. Let (-4, M) b e an element of &‘. The following well-known 
multiplication transforms the additive group A x M into a commutative 
ring B: 
(a, .m) . (a’, m’) = (au’, ain’ -+ a’m). 
The morphism (01, p) of (A, M) into (B, B) such that 
‘da E A a(a) = (a, 0); vm E M p(m) = (0, m) 
is an embedding. 
PROPOSITION 3.2. The embedding problem has a positive answer in the 
following cases: 
(i) &’ is the class of division rings. 
(ii) .d is the class of jields. 
Proof. Let (a, M) be an element of JBZ. Let E = (ei)icl be a basis of 
the d-module M. Let 01 be a (one-one) homomorphism of r-l into an element 
B of ~8 such that the dimension of the a(d)-module B is at least equal to 
the dimension of the d-module M (such an CL clearly exists). Let f be a 
one-one map of the set E into a basis F of the a(A)-module B. We define 
/~:M--fBby 
It is then easy to check that the couple (or, p) is an embedding of (A, M) 
into (B, B). 
Before stating the main result of this section we need to recall some 
definitions and facts. 
DEFINITION 3.3. A ring A is said to be absolutely jlat if it satisfies one 
of the two following equivalent conditions: 
(1) Any d-module is flat. 
(2) Vu E d 3.2: E A a = ma. 
DEFINITION 3.4. Let p be a prime number. A ring A is said to be a p-ring 
if one has 
VXEA(X~ = x hpx = 0). 
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It is clear that a p-ring is absolutely flat. It follows from a well-known 
theorem of Jacobson (see [17, Theorem 431) that a p-ring is commutative. 
We will need the following: 
PROPOSITION 3.5. Let A be a commutative absolutely flat ring. Then any 
A-module is without radical. 
Proof. This is an immediate consequence of part of the two following 
facts: 
(VILLAMAYOR). For any Gng A the following conditions are eqzlivalent: 
(1) Any simple A-module is injective. 
(2) Atiy (left) ideal is the intersection of (left) maximal ideals. 
(3) Any A-module is zuithout radical. 
(For background on the rings satisfying conditions (l), (2), (3), see [S]). 
(KAPLANSKY) [19]. A commutative ring A is absolutely jlat if and only ;f 
any simple A-module is injective. 
We can now state the following 
THEOREM 3.6. The embedding problem has a positive answer in the following 
cases: 
(i) d is the class of p-rkgs (fw a given p). 
(ii) & is the class of commutative absolutely Jlat rakgs. 
Proof. Let (A, M) b e an element of &. Since the A-module M is without 
radical, M is isomorphic to a submodule of a product of simple A-modules 
[5, Proposition 5; p. 651. We can then assume that M is equal to the product 
flie, Mi of a family of simple A-modules (M& . We can clearly assume that 
each ilfli is equal to a simple module of the form A/J, where Ji is a maximal 
ideal of A. Since A is commutative, each A/J, is canonically endowed with 
a structure of ring and is in fact a field. We define then a multiplication on 
the additive group A x M by 
(a, (m&) . (a’, (mi’)isr) = (au’, (ami’ + a’mi + mimi’)iel). 
It is easy to see that this multiplication transforms the additive group A x M 
into a ring B. We denote by 01 the homomorphism of rings: A -+ B defined by 
Vu E A a(a) = (a, 0). 
We denote by p the homomorphism of Z-modules: M-t B defined by 
Wdid E M d4i,1> = (0, (fni>d. 
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One easily proves by induction that for any element (a, (mJial) of B 
and any positive integer 11 one has: 
Let us suppose now that -4 is a p-ring. Since each ,4/j, is then a p-ring and 
since the product of two p-groups is a p-group, it follows from the previous 
equality that B is a p-ring. Since (01, u) is an embedding of (A, M) into 
(B, B) we have proved the first part of the theorem. 
Let us suppose now that -4 is a commutative absolutely fiat ring. Since 
such a ring has no nonzero nilpotent element, it follows from the previous 
equality that B has no nonzero nilpotent element. Since B is a commutative 
ring, there exists then [17, Theorem 471 a one-one homomorphism p of I3 
into a commutative absolutely flat ring C. The couple (TX, pp) is an 
embedding of (;a, M) into (C, C), which finishes the proof. 
COROLLARY 3.7. The embedding problem has a positive answer ;f & is 
the class of Boolean rings. 
Proof. Apply Theorem 3.6 (i) withp = 2. 
We conclude this section with an example. 
PROPOSITION 3.8. The embedding problem has a negative answer in the 
following cases: 
(i) JZZ is the class of integral domains. 
(ii) & is th e c ass o rzn s w zzc 1 f . g I ' h are elementarily equivalent to the ring Z 
of integers. 
Proof, Let us consider an element of Jz’ of the form (2, M). It is easy 
to see that such an element can be embedded in an element of J&’ of the form 
(A, -4) (if and) only if the Z-module M is torsion-free. 
4. MODEL-COMPANIONS 
We recall first a few model-theoretic facts. By a theory we mean a (deduc- 
tively closed) first-order theory; by an elementary class we mean the class 
of models of a theory. 
DEFINITION 4.1 [14]. A class 9 of structures has the amalgamation 
property if, whenever.fi : B + Ci(i = 1, 2) are embeddings of elements of 9, 
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there are embeddings gi : Ci --f D(i = 1,2) of elements of 9 such that the 
following diagram is commutative: 
c, 
DEFINITIONS 4.2. Let K and K* be theories in the same language and 
let 9 (resp., 5?*) be the class of models of K(resp. K*). 
(i) K* is said to be model-complete if any embedding of elements of 8* 
is an elementary embedding. We will also say in this case that 9* is model- 
complete. 
(ii) K* is said to be the moLZeZ-conzpalzion f K if K* is model-complete, 
if K is contained in K* and if any element of 9’ can be embedded in an 
element of 5?*. We will also say in this case that 9* is the model-companion 
of 9. 
For a detailed development of these notions, one may see Refs. [lo, 181. 
By Lemma 2.1 of [lo], the following definition is equivalent to the classical 
one. 
DEFINITION 4.3. Let 2 and 9* be elementary classes. A?* is said to be 
the model-completion of -9’ if 5P is the model-companion of 9’ and if 9 has 
the amalgamation property. 
With the notations of Section 3 we may then state the 
THEOREM 4.4. Let JXI be an elementary class of rings. If d has a model- 
companion and if the embedding problem has a positive answer, then ~22 also has 
a model-companion. 
Proof. It is clear that A?’ is an elementary class. Let z?‘* denote the model- 
companion of JTZ and let A’* denote the class of all pairs (A, M) where A is 
an element of &* and M is a free 8-module having a basis of cardinal 1. 
One easily checks that A?* is an elementary class which is the model- 
companion of A. 
COROLLARY 4.5. The class of vector spaces over all (commutative) fields 
has a model-companion. 
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Proof, It is well-known [18] that the class of (commutative) fields has for 
model-completion the class of algebraically closed fields. It then follows from 
Proposition 3.2 (ii) and the previous theorem and its proof that the class 
of vector spaces over all fields has for model-companion the class of all pairs 
(F, M) where F is an algebraically closed field and M is an F-vector space of 
dimension 1. 
We will now prove that for a given p the class of p-rings has a model- 
completion. We begin with the following 
LEMMA 4.6. The class of p-Riggs has the amalgamation property. 
Proof. Let fi : .B -j Ci(i = 1,2) be one-one homomorphisms of p-rings. 
We denote by gi the canonical homomorphism of Ci into the ring C, @JB C, 
[4]. Since B is absolutely flat, B is a ring of type (I) (cf. Section 2) and g, is 
one-one. Furthermore a straightforward computation shows that C, oB C, is 
a p-ring. Since g,fi = gafs , the proof is complete. 
Remarks. (i) For p = 2 the previous Lemma is well-known (see [9 and 
1%. 
(ii) We have, in particular, shown that the (categorical) sum in the 
category of p-rings coincides with the (categorical) sum in the category of 
commutative rings. 
THEOREM 4.7. The class of p-rings has a model-completion. 
Proof. It is enough to prove that the class of p-rings has a model- 
companion. 
Let us consider first the class of Boolean rings (p - 2). We claim that 
the class of atomless Boolean rings is the model-companion of the class of 
Boolean rings. We recall first the following well-known facts: 
(a) An atomless Boolean ring is infinite. 
(b) A countable Boolean ring is atomless if and only if it is free on 
X, generators and therefore any two countable atomless Boolean rings are 
isomorphic. 
(c) It is possible to axiomatize the notion of atomless Boolean ring by 
a set of t/3 sentences. 
It then follows from a result due to Lindstrijm [16] that the class of atomless 
Boolean rings is model-complete. 
It remains to show that any Boolean ring B can be embedded in an atomless 
Boolean ring. By a well-known localization principle [18, Theorem 2.4.11. 
it is enough to embed any finite substructure of B into an atomless Boolean 
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ring. But one knows that any countable Boolean ring can be embedded in 
a countable free Boolean ring [13]. 
We consider now the general case which will be deduced from the previous 
one by using the representation theorem of [12]. We denote by JX? the class 
of p-rings; to each element A of A’ we associate the set J(A) of all idem- 
potents of A; the set J(A) is endowed with a structure of a Boolean ring which 
is not a subring of A (the addition in J(A) is defined by a +J(aj b = 
a - 2ab + b). By [12] there is a functor I from the category of Boolean rings 
into the category ofp-rings such that for any Boolean ring B, /(I(B)) and B are 
isomorphic and for anyp-ring A, I(J(A)) and .A are isomorphic. Furthermore, 
if B is infinite, B and I(B) have the same cardinal. We denote by &* the class 
of p-rings A such that the Boolean ring J(A) is atomless. We claim that zz?* 
is the model-companion of JXY. 
It is clear that &* is an elementary class which may be axiomalized by 
a set of V3 sentences. It is obvious that any element of G!* is infinite. Further- 
more, if A and .A’ are any two countable elements of &*, J(A) and ](A’) are 
isomorphic Boolean algebras, which imply that T(J(-4)) and I&4’)), i.e., 
A and A’, are isomorphic, Using again Lindstrbm’s result, we conclude that 
&* is model-complete. 
It remains to show that any element A of z2 can be embedded in an element 
of JA?*. Let q~ be an embedding of J(A) in o t an atomless Boolean algebra B. 
I(p) is then an embedding of 1(1(A)) into I(B), which gives an embedding of ,4 
into an element of &*. 
COROLLARY 4.8. The class of all modules pver all p-rings (p jixed) has 
a model-companion. 
The proof is the same as for Corollary 4.5. 
The following proposition may be considered as a converse of Theorem 4.4. 
PROPOSITION 4.9. Let s?’ be an elementary class of rings and & be the 
(elementary) class of all couples (A, M) where A is an element of d and M 
M is an A-module. LetJC have a model-companion ,&‘* and let &* denote 
the class of all rings A such that there exists an element of the form (A, M) in ~82’“. 
If every ele~nent of &‘* is of type (I), then ~2 has a model-companion. 
Proof. We will use the following 
LEMMA. Let E be a class of rings and let N, M1 , M, be elements of E such 
that N is a subring of M1 and of M2 . 
(1) If E is closed under ultrapowers and $f N is existentially closed in M1 , 
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there exists an element M of E which is an elementary extension of M2 and 
which contains Air, such that the follwing diagram is commutative: 
N C Ml 
I-Y f-l m 
M2 < M 
(2) Conversely, if N is existentially closed in M2 a?zd if there exists 
an element M of E which is an elementary extension of n/r, and .which contains Ml 
such that (D) is commutative, N is existentially closed in Ml . 
Proof of the Lemma. Since (1) follows from [lo, Proposition 7.61, we will 
be content with proving (2). Let S be a finite system of equations and inequa- 
tions with constants in N which has a solution in Air, . S has clearly a solution 
in M and also in &!I3 since M is an elementary extension of Mz . Hence S has 
a solution in N since N is existentially closed in Ma . 
We now proceed with the proof of Proposition 4.9. We denote by a the 
class of all rings B such that there exists an elementary embedding of B into 
an element of &*. Since &* is closed under ultraproducts, 2 is an elementary 
class (for a detailed proof see [20, Proposition 31). We claim that g is the 
model-companion of ~8, 
For any ring A E &, the coupIe (A, A) is an element of A? and therefore 
any element of J& can be embedded in an element of &*; hence in an element 
of 9. It remains to prove that g is model-complete. By the model-complete- 
ness test [18, p. 921 it is enough to show that any element B of B is existen- 
tially closed in any element C of g which contains it. Let 01 be an elementary 
embedding of B into an element A of JxZ*. By (1) of the Lemma, there exist 
one-one homomorphisms v and $I of A and C into an element D of a such 





We can clearly suppose that D is an element of &*. Let M be a A-module 
such that (A, M) EJ&‘*. Since A is of type (I), the couple (A, M) can be 
embedded in a couple (D, N). Since A!* is the model-companion of A’, 
the couple (D, N) can be embedded in an element (E, P) of A?*. Since 
AT* is model-complete, (A, M) is an elementary substructure of (E, P), 
which implies that A is an elementary substructure of E. By applying (2) 
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of the Lemma to the diagram 
B+A 
C-E 
we may conclude that B is existentially closed in C, which finishes the proof. 
COROLLARY 4.10. Let d be tJze class of all commutatiue absolutely jat 
modules and let &I be the class of all couples (A, &I) where L4 is an element of a? 
and M is an A-module. & Jzas a model-companion iJ and only if&f Jzas a model- 
companion. 
Proof. If & has a model-companion, it follows from Theorem 4.4 and 
Theorem 3.6 (ii) that A&’ has a model-companion. If A%’ has a model-compa- 
nion, since any absolutely flat module is of type (I), it follows from Proposi- 
tion 4.9 that ~2 has a model-companion. 
We conclude with some remarks and open questions. 
1. Let us denote by A! the class of vector spaces over (all) commutative 
fields and by A’* its model-companion (cf. Corollary 4.5). It would be easy 
to prove that A+‘* is the model-completion of J!!. One can in fact prove the 
following result which by [IS, Th eorem 4.3.21 implies that A?* is the model- 
completion of ~87. 
For any element X of A&’ there exists an embedding y of X into an element 
X* of A?* such that for any embedding 6 of X into an element Y* of A’* 
there exists an embedding X of X* into Y* which satisfies Ay = 6. While X* 
is unique up to isomorphism, h need not be unique: if X is an element of 
the form (A, A), X* is then isomorphic to (A*, A*) where A* is the algebraic 
closure of A and it is well-known that a homomorphism of A into an algebrai- 
cally closed field B need not be extended in a unique way to a homomorphism 
of A* into B. 
2. One can easily prove that the class of torsion-free modules over (all) 
integral domains has the same model-completion as the class of vector spaces 
over commutative fields. 
3. We do not know if the class of modules over p-rings (p fixed) has 
the amalgamation property. 
4. We do not know if the class of commutative absolutely flat rings has 
a model-companion. 
Added in proof: The author has shown that the class of modules over p-rings 
has the amalgamation property. He has also shown that neither the theory of division 
rings nor the theory of vector spaces over division rings have a model-companion. 
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